Abstract-This paper considers a class of switched dynamical systems to which two periodic inputs are applicable. We derive a one-dimensional (1-D) return map and its derivative analytically for arbitrary shapes of the inputs. Based on the derivative, we introduce a slope chart that displays the relationship between the slope of the return map and that of the inputs. Applying the slope chart to a simplified model of the buck-boost converter (SBBC) with two periodic triangular inputs, we obtain a sufficient condition for chaos generation and that for the stability of the periodic behavior. The conditions guarantee that the first input can cause chaotic or periodic behavior and that the second input can change from chaotic behavior into periodic behavior and vice versa. A circuit model of the system is also proposed and the periodic and chaotic behaviors are demonstrated in the laboratory.
I. INTRODUCTION
A switched dynamical system is a continuous-time system with continuous and discrete state components [1] - [3] . Whenever the actual state of the system fulfills a certain condition a switching event occurs which controls the further development of the system. Thus, the continuous phase flow is accompanied by a discrete event stream. More general definitions on the switched dynamical systems can be found in [3] . This paper considers the behavior of a class of switched dynamical systems to which two synchronized periodic inputs are applicable. The systems are represented by a relaxation oscillator with a time-variant hysteresis element, where the first and the second inputs are applied to the upper and the lower thresholds, respectively. The vector field is switched discontinuously when the scalar state hits either threshold. We refer to the system as a time-variant hysteresis oscillator (THO). The THO can describe some practical systems, among them: simplified models of the dc/dc converters [4] - [9] , a human sleep-waking model [10] , [11] and a neural type oscillator [12] , [13] . These systems can exhibit various periodic and chaotic phenomena, and related bifurcation phenomena [9] , [11] , [13] .
This paper provides an analysis tool for the THO and applies it to a practical system. First, we derive a one dimensional (1-D) Manuscript received February 4, 1999 ; revised September 20, 2000 . This paper was recommended by Associate Editor H. Kawakami.
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return map and its derivative theoretically for arbitrary shapes of the inputs. Based on the derivative, we construct a slope chart that displays relationship between slopes (derivatives) of the return map and that of the inputs. It is a useful tool to elucidate the basic system dynamics. Next, we introduce a simplified model of the buck-boost converter (SBBC) to which two periodic triangular inputs are applicable. The first input is used to determine the basic system behavior and the second input is used to control the basic behavior. The simplification is based on the method in [6] and the SBBC includes the PWM control version of the converter [5] , [6] . The SBBC is described by the THO and is classified into the buck and the boost modes. Since the SBBC is piecewise linear and since the return map is also piecewise linear, some theoretical results can be given. That is, applying the slope chart to the SBBC we can give a sufficient condition for chaos generation and that for the stability of the periodic behavior. Based on the conditions we elucidate the system properties. For example, in the buck mode the first input causes periodic behavior and the second input changes it into chaotic behavior. It can spread spectrum of the switching frequency and might improve the EMC problem [7] . Also, in the boost mode, the first input causes chaotic behavior and the second input changes it into periodic behavior. It relates to a control to remove unnecessary fluctuation from the switchings [14] . These basic properties might be developed into a flexible and efficient control strategy of the converters. There exist various control methods of chaotic systems (see [14] - [17] and the references therein). Among the methods, periodic perturbation [15] , [16] is known to be simple and flexible, however, its performance has not been guaranteed theoretically so far.
Finally, a circuit model of the system is proposed, and the periodic and chaotic behaviors are demonstrated in the laboratory. The circuit can represent all the practical systems described by the THO. The fundamental part of the circuit consists of a capacitor, independent/dependent current sources, and diode switches and it is well suited for realization on a chip.
II. SYSTEM AND ANALYSIS TOOL

A. System
The THO is described by the following dimensionless equation: for for (1) 1057-7122/00$10.00 © 2000 IEEE where is a normalized time, denotes differentiation by , is a state, , and . denotes a time-variant hysteresis characteristics, as shown in Fig. 1 . The first and the second continuous synchronized periodic inputs and are applied to the lower and upper thresholds, respectively (2) where positive integers and are disjoint, is period 1, is period , and is their common period. If the period of is an irrational number, the system analysis becomes complicated. is switched from to (respectively, to if hits the lower (respectively, upper) threshold. Note that corresponds to physical state variable such as an inductor current or a capacitor voltage, hence, the continuity of is guaranteed at the switching instant. The state then vibrates between and , as shown in Fig. 2 . The THO relates to some practical systems.
• If and are constants, the THO behaves as an autonomous relaxation oscillator with period .
• If is a rectangular wave and is a constant, the THO describes a neural-type oscillator [12] , [13] .
• If is a sinusoidal wave and + dc, the THO describes a human sleep-waking model [10] , [11] .
• If and are triangular waves, the THO describes an SBCC discussed in Section III.
• If is a periodic impulsive signal and is a constant, the THO may relate to simplified models of kicked rotor [18] . From the system, a return map can be derived rigorously.
We will discuss such impulsive an signal elsewhere. 
B. Return Map
For (1), we consider the state trajectory started from with at . The trajectory decreases and hits the lower threshold . Let be the hit point. Then changes from to , the trajectory increases and it hits the upper threshold . Let be the hit point. Here, there are two possibilities: and . For the former case, changes from to at , the trajectory decreases and intersects . Let be the intersection. For the latter case, we introduce a virtual intersection such that the trajectory started from it with intersects at . We then define a 1-D map for the real/virtual intersection time as the following:
where we identify with reals . This map can be described by (4) We refer to as an intersection map. Because the sequence is ever increasing, the map is not restricted to a finite interval. In order to get a restricted map, we note that and have the common period : and . Then . Introducing the restricted variable, ( , we get a 1-D map
We refer to as a return map. Fig. 3 shows typical return maps, where the chaotic behavior by the first sinusoidal input is changed into a periodic behavior by adding the second sinusoidal input. We give some definitions for the return map .
Definition 1: [19] , [20] : A point is said to be a fixed point or a periodic point with period one if . For , a point is said to be a periodic point with period if and for , where denotes the -fold composition of .
Let denote the derivative of . A periodic point with period is said to be superstable and stable if and , respectively. A sequence of the stable periodic point(s) is said to be a stable periodic orbit (SPO).
is said to generate chaos if there exists some positive integer such that for almost everywhere in . In this case, there exists some subinterval where is ergodic and has a positive Lyapunov exponent.
Note that theoretical proof of chaos generation (in the above sense) is hard for smooth systems such as Fig. 3 , however, it might be possible for piecewise linear systems.
Differentiating (4) we obtain the derivative of the return map (6) where and must be satisfied in order to hit the lower and the upper thresholds, respectively. Using (6), the derivative of the return map ( ) can be calculated using the derivatives of the inputs at the switching moments ( and ) . As we analyze the system numerically, a periodic point can be given by calculating with (4) and its stability can be checked using (6) . Equation (6) can also be used to calculate the Lyapunov exponent of the chaotic attractor. Hereafter, we refer to the derivative of the return map as the map slope and refer to the derivatives of the inputs and as the input slopes.
C. Slope Chart: An Analysis Tool
We regard (6) formally as a function (functional) of the two input slopes. Letting and letting , we define a function from to for for (7) where means that the the image is empty. It corresponds to the case where the state cannot hit the threshold with such input slope. In the domain of we note the important borders for for for for (8) Using these borders, we divide the domain into ten subregions which characterize the map slope as the following:
for for for for for for for (9) The borders and the subregions are illustrated in Fig. 4 : this is the slope chart. Using this chart, we can grasp the relationship between the map slope and the input slopes. In the slope chart we can find the following basic properties.
1) The origin , exists on the segment and corresponds to the autonomous relaxation oscillator. The origin exists on the lower half (respectively, upper half) of the segment for (respectively, ).
2) A segment on the axis, , corresponds to the single input case. If the first input slope satisfies , is a necessary condition for to be a map slope. It is not easy to give a useful sufficient condition.
3) A rectangle including corresponds to the double inputs case. If the two input slopes satisfy and , is a necessary condition for to be a map slope. It is hard to give the sufficient condition. For an SPO, a set of point(s) in the rectangle is available for the attractor [see Fig. 3(b) ]. For the chaotic attractor, it is fairly difficult to identify available part(s) in the rectangle [19] . 4) The slope chart is symmetric with respect to the line . It implies that the effect of each input is the same in principle. However, the segment and the rectangle is an essential difference between the single input case and the double inputs case. It suggests that the double inputs cause a complex variety of the dynamics. 5) If the inputs are piecewise linear, the input slopes are constants and the map slopes are given for a set of point(s) on the slope chart. This case is discussed in Section III. 6) If the second input slope is and this input slope is available for a stationary trajectory, has a super SPO [21] . The border is included in and in our notation. The map slope can give important information for the system stability. For example, if is guaranteed on , chaos generation is guaranteed theoretically. It goes without saying that frequency and phase of the inputs affect the shape of the return map. If the second input has higher frequency and smaller amplitude than the first inputs, the first input determines the macroscopic shape of the return map and the second input can adjust the microscopic shape of it, as suggested in Fig. 3 . Adjusting the frequency and/or the phase, the THO might exhibit interesting behavior, however, the analysis is fairly difficult and the slope chart is not available for the analysis. Then, observation of the slope chart is much simpler than analysis of the return map itself using (4) and (6).
Therefore, we focus on the basic system dynamics characterized by the map slope. In the next section, we apply the slope chart to a practical system with piecewise linear inputs. 
III. APPLICATION TO THE BUCK-BOOST CONVERTER
A. Simplified Model
where is a positive integer, and . In this section, in (2) is assumed to be 1 for simplicity. is closed if hits the lower threshold and is opened if hits the upper threshold . Dynamics of the SBBC are described by
where and correspond to the buck and the boost modes, respectively. This simplification is based on replacing an pair in the original system with a constant voltage source for [5] [6]. The SBBC corresponds to a PWM control version [8] , [4] 
if parameters satisfy
In this case, the current can hit only the rising slope of and the closing time of is close to . Also, in the PWM version a diode is used instead of and is satisfied. In the SBBC, the first input is used to determine the basic system behavior and the second input is used to control the basic behavior. Using the following dimensionless variables and parameters, (11) is transformed into (1) where is an appropriate constant current such that . The normalized inputs are given by for for for for where and . and correspond to the buck and the boost modes, respectively. Hereafter, we consider six parameters and fix the other parameters, e.g., .
B. Single Input
We consider the single input case . Fig. 6 (a) and (b) shows slope charts for the buck and boost modes, respectively. Since has two input slopes, and , the corresponding map slopes are characterized by two points on the slope chart. As denoted by the black circles in Fig. 6(a) and (b) , is on the positive axis and is on the negative axis. If ( is guaranteed), the trajectory started from with can hit both slopes of ( and . If , the trajectory cannot hit the slope and there exists only one map slope. The return map in Fig. 6(c) corresponds to the two black circles in Fig. 6(a) : (12) That is, only one map slope exists and the return map exhibits SPO. However, note that such a discontinuous map have various complicated SPO's as parameters vary and has a nonperiodic orbit in a parameter subspace with measure zero [2] , [22] . The return map in Fig. 6(d) corresponds to the two black circles in Fig. 6(b) : (13) That is, two map slopes exist and is guaranteed on :
exhibits chaos. Here, we note that can enter into , , or and that can enter into or . Considering possible combinations of the two points, we can classify all the possible map slopes. The result is summarized in Table I . In the table, the columns and denote positions of the two points on the slope chart. Also, the column map contains the following information.
• Chaos means that is guaranteed on . Note that chaos is impossible for the buck mode but for the boost mode.
• SPO means that is guaranteed on : all the periodic points of are stable.
• MIX means that consists of two kinds of slopes, and , hence, further analysis is required.
C. Double Inputs
We consider the double inputs case:
In this case the map slopes are characterized by positions of the following four points on the slope chart (white circles in Fig. 6(a) and (b) ): (14) If these four points are in and if the frequency of is much higher than that of , the trajectory started from each slope of or can hit both slopes of and . However, it is hard to give a general condition for the hitting. Fig. 6 (e) corresponds to the four white circles in Fig. 6 (a) Fig. 7 . Circuit model of the THO. I is a saturation current of the OTA and v is a diode voltage.
TABLE II MAP SLOPE PATTERNS FOR BOTH MODES
In this case, only one point affects the map slope and is guaranteed on : exhibits chaos. Note that this chaos is changed from SPO in Fig. 6(c) . In this case, is guaranteed on , hence, all the periodic points of are stable. If has a SPO, it is changed from chaos in Fig. 6(d) .
Considering possible combinations of the positions of the four points (14) on the slope chart, we can obtain various patterns, as summarized in Tables II -IV , where the meaning of each column is the same as that in Table I . Taking account of the corresponding single input patterns (the right part of the tables), we have 60 patterns. In principle, they are identified by drawing a rectangle on the slope chart, checking positions of their four corners, and checking two intersections of the rectangles with the axis. In the tables, we can see the following basic properties.
• If the column map is chaos, chaos generation is guaranteed theoretically. It provides a sufficient condition for chaos generation.
• If the column map is SPO, all the periodic points of are stable. It provides a sufficient condition for the stability of the periodic points.
• If the column map is SPO for the single input and is chaos for the double inputs, the second input can change the SPO into chaos. It can spread spectrum of the switching frequency and might improve the EMC problem in the converter [7] .
• If the column map is chaos for the single input and is SPO for the double inputs, the second input can change the chaos into the SPO. It might contribute to removing unnecessary fluctuation in the converter [14] .
• If the column map is MIX, it is not easy to analyze the return map and interesting phenomena might be discovered in the future.
• If and , the map slope is zero and the return map exhibits super SPO. This second input can provide the super SPO for behavior by the first input with any shape [21] .
IV. CIRCUIT MODEL Fig. 7 shows a circuit model of (1) that can describe the dual circuit of the SBBC. In the circuit, a time-variant hysteresis voltage-controlled current source is realized using two operational transconductance amplifiers (OTA's), one constant current source , two diodes, and two voltage sources and , where is period , is period , and they are synchronized. The characteristics of are shown in Fig. 7 , where is the saturation current of the OTA. The lower and the upper thresholds are given by and , respectively, where is the diode voltage. The circuit dynamics are described by for for (15) where is switched from to if increases and hits the upper threshold and vice versa. Using the following dimensionless variables and parameters, (15) is transformed into (1).
where is an appropriate constant voltage. In order to confirm dynamics from the BBC, we use triangular signals (10) as the two thresholds. The first input can be generated by a function generator or a periodic oscillator. The second input is basically generated by the THO with the constant thresholds. However, in order to synchronize them, is reset to its upper threshold at every period of . Then, adjusting the parameters appropriately, the synchronized triangular inputs and can be obtained. Fig. 8 shows measured time-domain waveforms and amplitude spectrums. Fig. 8(a) and (b) corresponds to SPO in Fig. 6 (c) and chaos in Fig. 6(e) , respectively. Fig. 8(c) and (d) corresponds to chaos in Fig. 6(d) and SPO in Fig. 6(f) , respectively.
Note again that this circuit can represent all the practical systems described by THO (1). This circuit might contribute to discover interesting phenomena in practical system(s) described by THO (1). Also, the fundamental part of this circuit consists of a capacitor, dependent/independent current sources (the OTA is a voltage-controlled current source) and diode switches: it is well suited for realization on a chip.
V. CONCLUDING REMARKS
A class of switched dynamical system with double periodic inputs, the THO, has been studied. In order to analyze the system, we have derived a 1-D return map and its derivative for arbitrary shapes of the inputs. Based on the derivative, we have constructed a slope chart which can clarify the relationship between the input slopes and the map slope. We then have applied the slope chart to the SBBC with two triangular periodic inputs and have elucidated its basic properties for chaos, SPO, and changing from/into chaos into/from SPO. Also, a circuit model of the THO has been proposed. It can represent all the practical systems described by the THO. In the future, we would like to consider the following problems:
• As the second input has higher frequency and smaller amplitude than the first one, the first input determines the macroscopic shape of the return map and the second input can adjust the microscopic shape of it. In this case, the return map can become very complicated shape and it might provide rich interesting bifurcation phenomena. Since the slope chart is not available for the frequency effects, another analysis tool is required. The phase effect is also important.
• We have clarified basic dynamics of the SBBC. Based on the results, a flexible and efficient control method should be developed for practical dc/dc converters. We think that chaos-based spread spectrum of the converters might be one of the most effective engineering applications of chaos.
• The THO describes some practical models, e.g., simplified converters, a human sleep-waking model, and a neural-type oscillator. The THO might describe other important models. Since the circuit model can represent all the models described by the THO, it is suitable for the first investigation of the models. Also, as a model is developed into a large-scale one, a chip of the circuit model might be a crucially important tool.
